Abstract-The following paper describes the method of the maximum flow finding in fuzzy dynamic graph with the given vitality degree. The peculiarity of the problem is in fuzzy nature of the considered network and given vitality parameters assigned to arcs of the graph. Network's parameters, such as arc capacities and vitality degrees can vary over time, because they have transit character. Such methods can be applied in the real networks solving the task of the optimal cargo transportation.
I. INTRODUCTION
The flow tasks arising in the study of transportation networks are relevant due to their wide practical application. Conventional flow tasks allow researchers to find the maximum amount of traffic between selected nodes on the road map, determine the routes of the optimal cost. Dynamic networks describe complex systems, which parameters can vary over time. Algorithms underlying these tasks allow solving optimization problems taking into account the flow departure time, transit times along the arcs of the graph.
However, the flow tasks and methods of its solution are presented in the references in crisp conditions, while changes in environment, variations in petrol prices, measurement errors influence such network parameters, as arc capacities and transmission costs. Therefore, these tasks should be considered in the fuzzy conditions and we turn to the fuzzy graphs for solving such a problems.
Dynamic tasks considered in the conventional flow literature take into account transit times along the arcs of the graph, while network's parameters are constant. We suggest to consider dependence of arc capacities and transmission costs on flow departure time and operate with fully dynamic networks instead of stationary-dynamic ones [1] , using the notions of the time-expanded graphs.
Vitality parameter peculiar to arcs of the network usually isn't taken into account while studying networks. Nowadays, the vitality of the network is studied less, while railways and roads include the complex objects, such as stations, distillation ways, culverts, wagon, passenger and cargo managements. Thus, conventional definition of "vitality" was introduced by the authors H. Frank and I. Frisch in [2] as sensitivity of the network to damages. However, vitality applied to the networks is ability of its objects and links among them to be resistant to weather conditions, traffic accidents and its combinations, and save and restore (fully or partially) objects themselves and their connections, arc capacities of the network's sections in case of damage. Sometimes network's parameters can be set qualitatively. Thus, one can set the notion "vitality degree" considering the roads and railways. In this case "vitality degree" is considered as probability of trouble-free operation of the road section and some subjective value, such as importance and reliability, etc.
Therefore, the method of the maximum flow finding in fuzzy dynamic graph with the given vitality degree is proposed in the present paper. The paper is structured as follows. In the Section 2 we give literature review of the flow and vitality problems in networks. Section 3 contains basic concepts and definitions. Section 4 presents the proposed method of the maximum flow finding in fuzzy dynamic graph with the given vitality degree. Section 5 provides numerical example illustrating the main steps of the proposed method.
II. LITERATURE REVIEW
Historically, the task of the maximum flow determining was the first flow task in dynamic graphs, described in the literature. Authors L. Ford and D. Fulkerson [3] introduce the notion "dynamic flow".
Initially there were two methods for solving such a problem. The first method assumes using of the "timeexpanded graph" [3, 4] , that includes constructing the nodes and arcs copies in the given time dimension. The secondimplements the minimum cost flow method, in particular, the shortest path algorithm considering the flow transit time along the arc equals the transmission cost along the corresponding arc.
Authors E. Minieka and J. Aronson [5, 6] determine dynamic networks either. In particular, E. Minieka [5] simulated a situation, when some arcs of the dynamic graph can't be available at some time periods. Author Orlin [7] presents the solution of the maximum dynamic flow problem in the case of either discrete or continuous time periods.
Dynamic nature of the network's parameters and their opportunity to change in time isn't taken into account in conventional sources that is incorrect in general. The authors suggest calling these networks "stationary-dynamic" and introducing the notion of dynamic networks in [1] .
However, the maximum dynamic flow problem was hardly considered in the literature in fuzzy conditions. The factors lead to the flow problem statements in fuzzy conditions are considered in [8] .The authors of the present paper proposed formal methods for solving this problem in fuzzy conditions and applied method that operated the central values of fuzzy numbers and blurred them in the terminal step of the algorithm [9] . At the same time, proposed method doesn't consider the vitality, peculiar to the network's parameters, so the necessity to develop such a method will appear.
H. Frank and I. Frisch were the first authors, who examined vitality in terms of the networks. In [10, 11] searching and increasing of the network's vitality and finding the centers with the largest vitality degree are considered. However, vitality finding wasn't considered in the conventional literature in terms of flows in networks. Though, it is important parameter, which reflects reliability and robustness of the network's parameters and in many cases it is important to set this parameter to the arc of graph. Accordingly, maximum flow finding algorithm in the fuzzy dynamic graph with given vitality degree was proposed.
III. BASIC CONCEPTS AND DEFINITIONS
Let us present the basic concepts, definitions and rules underlying the proposed method. The concepts of the fuzzy stationary-dynamic network and fuzzy dynamic network are presented in the following definitions 1 and 2.
A. Definition 1
Fuzzy stationary-dynamic network [1] is a network in the form of the fuzzy directed graph ( , ) The main concept of the proposed method is the concept of the time-expanded graph that constructed from the initial dynamic graph according to the definition 3.
B. Definition 2 Fuzzy dynamic network
[1] is a network ( , ) G X A  , where 12 { , ,..., } n X x x x  - the set of nodes, 2 { , / , }, , , , i j i j i j i j AA A x x x x x x X x x            -
C. Definition 3
Time-expanded fuzzy static graph [3] , [12] 
Fuzzy directed way ( , )
im P x x is called a simple way between vertices i x and m x if its part is not a way between the same vertices.
Vertex y is called a fuzzy accessible from the vertex x in the graph
if the fuzzy directed way from the node x to the node y exists.
The accessible degree of the node y from the node x, (xy) is defined by the following expression:
where p is the number of various simple directed ways from vertex x to vertex y.
We consider the degree of fuzzy graph vitality as a degree of strong connection [10, 11] , so it will be defined by the following expression:
It means that there is a route between each pair of the graph vertices with a conjunctive strength not less than value V.
Let us present the rule of the time-expanded graph construction in terms of the maximum dynamic flow finding with the given vitality degree. 
IV. PROPOSED METHOD
Consider the problem of the maximum flow finding in fuzzy dynamic graph with the given vitality degree as a model (1)- (6) .
, .
Equation (1) means that we maximize fuzzy amount of flow ~ for p periods of time, i.e. ) ( p  . The equation (2) indicates that the maximum flow value  for p time periods is equal to the flow, leaving the source for p time periods for all time periods should be less than arc capacities of the corresponding arcs () ij u  in the same time periods. The inequality (6) , , ) ( , , , ) ( , , , )
If the following condition is satisfied: , , ) ( , , , )
Initially, residual network coincides with the "timeexpanded" static graph (as ( , , , ) 0
Step 3. t . Therefore, the maximum flow of the value () p  is obtained in the original graph, which is equivalent to the flow from the sources (initial node, expanded on the p periods) to the sinks (terminal node, expanded on the p periods) in p G after cancelling artificial nodes.
A. Calculations with fuzzy numbers
Note, that fuzzy arc capacities can be represented in any form of fuzzy numbers. Let in our case fuzzy arc capacities are set as fuzzy trapezoidal numbers.
Since the calculations with trapezoidal numbers are cumbersome and result in strong blurring of the resulting number's borders, we suggest to operate fuzzy numbers according to the method, described in [9] . In this case we will operate the central values of fuzzy numbers in the form of the fuzzy intervals, blurring the result at the final step and presenting it as a trapezoidal the number. (7)- (8): [ , ] ab . It is represented in the Fig. 1 . We carry out calculations according to the equation of nonstandard subtraction of fuzzy intervals, as in (9) .
This formula, unlike the classic one, does not lead to the strong blurring of the resulting borders and does not produce negative flow values, that is unacceptable for flows.
V. NUMERICAL EXAMPLE
Let us represent the proposed method based on the numerical example. Let the initial fuzzy dynamic graph is represented in the Fig. 2 It is necessary to find the maximum flow in the initial dynamic graph with the vitality degree no less than 0,6 and represent the result in the form of the fuzzy trapezoidal number. 
R l 
Therefore, the maximum flow in the fuzzy network with the vitality degree no less than 0,6 is obtained, which can be represented as a fuzzy trapezoidal number of (59,80,12,16) units.
VI. CONCLUSION AND FUTURE WORK
The task of the maximum flow finding in the fuzzy dynamic network with the given vitality degree is considered in the paper. The network's parameters are transit that allows us to call the described network as dynamic. Vitality parameters assigned to the arcs of the network are either of transit character. The formal method, based on the proposed definitions and rules is introduced. The solution of the problem has important practical value and uses the search of the maximum amount of cargo transportation taking into account different capacities of the roads at distinct periods of time and reliability of the system, expressed as vitality degree. In the future works we are going to propose methods of finding the maximum and the minimum cost flow in the fuzzy dynamic networks with the given vitality degree and nonzero lower flow bounds, methods of increasing the vitality degree in fuzzy dynamic networks. 
